In this paper, we address the rigid body pose stabilization problem using dual quaternion formalism. We propose a hybrid control strategy to design a switching control law with hysteresis in such a way that the global asymptotic stability of the closed-loop system is guaranteed and such that the global attractivity of the stabilization pose does not exhibit chattering, a problem that is present in all discontinuous-based feedback controllers. Using numerical simulations, we illustrate the problems that arise from existing results in the literature-as unwinding and chattering-and verify the effectiveness of the proposed controller to solve the robust global pose stability problem.
Introduction
Rigid body motion and its control have been extensively investigated in the last forty years because of its applications in the theory of mechanical systems, such as robotic manipulators, satellites and mobile robots. Research has largely focused on the study of models and control strategies in the Lie group of rigid body motions SE(3) and its subgroup SO(3) of proper rotations [1, 2, 3, 4] .
Although it is usual to design attitude and rigid motion controllers for mechanical systems respectively using rotation matrices and homogeneous transformation matrices (HTM) [3] , it has been noted by some authors that a non-singular representation, namely the unit quaternion group Spin(3) for rotations and the unit dual quaternions Spin(3) R 3 for rigid motions can bring computational advantages [4, 5, 6] .
In scenarios where the state space of the dynamical system is not the Euclidean space R n but a general differentiable manifold M-which is the case of SE(3) and Spin(3) R 3 -some difficulties in designing a stabilizing closed-loop controller may arise. For instance, the topology of M may obstruct the existence of a globally asymptotically stable equilibrium point in any continuous vector field defined on M: in [1] it is proved that if M has the structure of a vector bundle over a compact manifold L, then no continuous vector field on M-indeed, nor in L-has a globally asymptotically stable equilibrium. In particular, this means that it is impossible to design a continuous feedback that globally stabilizes the pose of a rigid body, as in this case the closed-loop system state space manifold is a trivial bundle over the compact manifold SO (3) . The same topological obstruction is also present in the group of unit dual quaternions since its underlying manifold is a trivial bundle over the unit sphere S 3 (see Theorem 1 in Subsection 2.3).
On the other hand, due to the two-to-one covering map Spin(3) R 3 → SE(3), the unit dual quaternion group is endowed with a double representation for every pose in SE (3) . Neglecting the double covering yields to the problem of unwinding whereby solutions close to the desired pose in SE (3) may travel farther to the antipodal unit dual quaternion representing the same pose [7] . There are few works on unwinding avoidance in the context of pose stabilization using unit dual quaternions [7, 8, 9, 10] . All of them are based on a discontinuous sign-based feedback approach.
As shown by [11] for the particular case of Spin(3), the discontinuous sign-based approach may, however, be particularly sensitive to measurement noises, and despite achieving global stability, global attractivity properties may be detracted with arbitrarily small measurement noises. As one would expect, the same happens with Spin(3) R 3 and this will be shown in Theorem 1.
As verified in Section 3, in Spin(3) R 3 the lack of robustness is even more relevant as the discontinuity of the controller not only affects the rotation, but may also disturb and deteriorate the trajectory of the system translation. In this context, even extremely small noises may lead to chattering, performance degradation-and in the worst case, prevent stability. Summing up, despite the solid contributions in the literature on dual quaternion based controllers in the context of rigid body motion stabilization, tracking, and multi-agent coordination [8, 7, 9, 12, 13, 14, 15, 10] , control of manipulators and human-robot interaction [16, 17, 18, 19, 20, 21] , and satellite and spacecraft tracking [22, 23, 24] , it is important to emphasize that existing pose controllers are either stable only locally (as we show in Section 2) or have lack of robustness in the sense that they are sensitive to arbitrarily small measurement noises (as we illustrate in Section 5). In other words, the topological constraints from Spin(3) R 3 , most of them inherited from SE(3), still pose a challenge-the extension from results on attitude control to the problem of pose control is not trivial-and there exists no result in the literature that ensures robust global stability.
Contributions
In this paper, a generalized robust hybrid control strategy for the global stabilization of rigid motion kinematics within unit dual quaternions framework is proposed. The strategy stems from the idea of the hybrid kinematic control law with hysteresis switching proposed in [11] to solve the non-robustness issue for quaternions. It is important to emphasize that, albeit some algebraic identities in quaternion algebra can be easily carried over to the dual quaternion algebra by the principle of transference [25, 4] , the proposed generalization does not follow by the principle of transference.
In fact, counterexamples shown in [25] illustrate the failure of the transfer principle outside the algebraic realm.
In summary, whereas unit quaternions are used to model only attitude and perform a double cover for the Lie group SO(3), unit dual quaternions model the coupled attitude and position and perform a double cover for the Lie group SE(3). The necessity of different procedures for quaternion and dual quaternion stems from their different topologies and group structures.
For example, the unit quaternion group is a compact manifold, whereas the unit dual quaternion group is not a compact manifold. This reflects in the use of distinct approaches to controller design (see for instance [3] ). It is also interesting to highlight that due to SO(3) being compact, it has a natural bi-invariant metric, but the same can not be said from SE(3) as it does not possess any bi-invariant metric. The unit dual quaternion group is not a subgroup from Spin(3)-it is indeed the other way around-and boundedness, geodesic distance, norm properties, and other manifold features that are valid on S 3 cannot be directly carried to Spin(3) R 3 . In this sense, the extension of control results to Spin(3) R 3 is not trivial, which is reflected by the gap between quaternion based results and dual quaternion based controllers-where the double covering map is often neglected [12, 13, 15, 14, 6] .
To overcome this context, we introduce a novel Lyapunov function that exploits the algebraic constraints inherent from the unit dual quaternion manifold, and a new robust hybrid stabilization controller for rigid motion using Spin(3) R 3 is derived.
Notation
Lowercase bold letters represent quaternions, such as q. Underlined lower case bold letters represent dual quaternions, such as q. The following notations will also be used: 
Preliminaries
In this section, we provide for the reader basic concepts and a brief theoretical background regarding quaternions and dual quaternion representation for rigid body motion. We also present the topological constraints-which affect any mathematical structure that represents rigid motion-imposed by dual quaternions.
Quaternions
The quaternion algebra is a four-dimensional associative division algebra over R introduced by Hamilton [26] to algebraically express rotations in the three-dimensional space. The elements 1,î,,k are the basis of this algebra,
and the set of quaternions is defined as
Consider a quaternion q = η +îµ 1 +µ 2 +kµ 3 ; for ease of notation, it may be denoted as
In addition, it may be decomposed into a real component and an imaginary component: Re (q) η and Im (q) µ, such that q = Re (q) + Im (q).
The quaternion conjugate is given by q * Re (q) − Im (q). Pure imaginary quaternions are given by the set H 0 {q ∈ H : Re (q) = 0}
and are very convenient to represent vectors of R 3 within the quaternion formalism by means of a trivial isomorphism, which implies H 0 ∼ = R 3 . Both cross product and dot product are defined for elements of H 0 and they are analogous to their counterparts in R 3 . More specifically, given u, v ∈ H 0 , the dot product is defined as
and the cross product is given by
The quaternion norm is defined as q √* . Unit quaternions are defined as the quaternions that lie in the subset
The set S 3 forms, under multiplication, the Lie group Spin(3), whose identity element is 1 and group inverse is given by the quaternion conjugate q * .
Analogously to the way complex numbers are used to represent rotations in the plane, unit quaternions represent rotations in the three-dimensional space. Indeed, an arbitrary rotation θ around an axis n =în x +n y +kn z is represented by the unit quaternion r = cos (θ/2) + sin (θ/2) n. Furthermore, since the unit quaternion group double covers the rotation group SO(3), the unit quaternion −r also represents the same rotation associated to r [4].
Dual Quaternions
Similarly to how the quaternion algebra was introduced to address rotations in the three-dimensional space, the dual quaternion algebra was intro-duced by Clifford and Study [27, 28] to describe rigid body movements. This algebra is constituted by the set
where ε is called the dual unit and is nilpotent-that is, ε =0, but ε 2 =0.
Given q = η + µ + ε η + µ , we define Re q η + εη and Im q µ + εµ , such that q = Re q + Im q . The dual quaternion conjugate is
Under dual quaternion multiplication, the subset of dual quaternions
forms a Lie group [14] called unit dual quaternions group Spin(3) R 3 , whose identity is 1 and group inverse is the dual quaternion conjugate.
An arbitrary rigid displacement characterized by a rotation r ∈ Spin(3), with r = cos (θ/2) + sin (θ/2) n, followed by a translation p ∈ H 0 , with
The unit dual quaternions group double covers SE(3) and thus any displacement q can also be described by −q.
Description of rigid motion and topological constraints
Since unit quaternions describe the attitude of a rigid body, they are used to represent a rotation between the body frame and the inertial frame.
2 Similarly, the rigid motion could also be represented by a translation p followed by a rotation r [29] resulting in the dual quaternion q = r + (1/2)εpr. Both p and p are related by p = rpr * .
In this sense, the kinematic equation of a rotation represented by the unit quaternion q is expressed asq
where ω ∈ H 0 is the angular velocity given in the body frame [30] .
Similarly, the unit dual quaternion q describes the coupled attitude and position. The first order kinematic equation of a rigid body motion in the inertial frame is given byq
where ω is the twist in body frame given by
The remarkable similarity between equations (2) and (3) is due to the principle of transference, whose various forms as stated in [25] can be sum- (3) and the quaternions can be carried to SE(3) and the dual quaternions algebra, respectively.
The principle of transference may mislead one to think that every theorem in quaternions can be transformed to another theorem in dual quaternions by a transference process. However, this is not the case, as shown by counterexamples in [25] . Therefore, properties and phenomena related to quaternion motions like topological obstructions and unwinding may not follow by direct use of transference and have to be verified for dual quaternions.
We first verify that Spin(3) R 3 presents an obstruction for the global asymptotic stability of a continuous vector field on its underlying manifold.
Theorem 1. Let f be a continuous vector field defined on the underlying manifold S of the Lie group of unit dual quaternions. Then there exists no equilibrium point of f that is globally asymptotically stable.
Proof. For an arbitrary unit dual quaternion element q ∈ S, with q = q + εq = η + µ + ε (η + µ ), as defined in (1), it is possible to verify by direct calculation that the constraint* +
Furthermore, since q = 1, then q lies in S 3 . In addition, H is isomorphic to R 4 as a vector space, which implies that q ∈ H lies in a three-dimensional hyperplane, with q being its normal vector, due to constraint (5) . In this sense, S can be regarded as the product manifold S 3 × R 3 [31] .
The product S 3 × R 3 equipped with the projection S 3 × R 3 → S 3 given by q → q yields a vector bundle S 3 × R 3 onto S 3 , namely the trivial bundle [32] . Since S 3 is compact, it follows from Theorem 1 of [1] (for the reader's convenience, this theorem is reproduced in Theorem 8 of the Appendix) that there is no equilibrium point of any continuous vector field f that is globally asymptotically stable.
Prior work on pose stabilization
Due to the topological constraint described in Theorem 1, there is no continuous state feedback controller on S that can globally asymptotically stabilize (3) to a rest configuration. Indeed, the two-to-one covering map from Spin(3) R 3 to SE(3) renders a closed-loop system with two distinct equilibria q e and −q e .
Since both ±q e correspond to the same configuration in SE(3), solutions neglecting the double cover (see, for example, [17, 12, 13, 14, 15, 18] ) are expected to exhibit the unwinding phenomenon [1] , that is, solutions starting arbitrarily close to the desired pose in SE(3)-represented by both stable and unstable points in Spin(3) R 3 -may travel to the farther stable point instead to the nearest unstable point (see, for example, Fig. 5 ). The sole contributions in the sense of avoiding the unwinding and stabilizing (3) to the set {±1} are based on a pure discontinuous control law introduced in [8, 7, 9] . In terms of the components of q = η + µ + ε η + µ , this discontinuous control law is given by
where v = ηµ −η µ−µ × µ and k is a proportional gain.
Albeit this control law avoids unwinding, a careful look reveals a strong sensitivity around attitudes that are up to π away from the desired attitude about some axis-that is, η = 0. In view of Theorem 2.6 of [33] , one can see that such control law isn't robust in the sense that arbitrarily small measurement noises can force η to stay near to 0 for initial conditions within its neighborhood. Indeed, similar to Theorem 3.2 of [11] , one can even exhibit an explicit noise signal to persistently trap the system about a fixed pose, thus preventing its stability. To illustrate the sensitivity of pure discontinuous state feedback controllers, we introduce a simple case study in which the trajectory of (3) is simulated using the discontinuous control law (6) in the presence of a random measurement noise 4 -the results are shown in Fig. 1 . The trajectory of the closed-loop system exhibits chattering in the neighborhood of the discontinuity-that lies in η = 0-as a result of the measurement noise. The performance degradation stems from infinitely fast switches in (6) . Furthermore, the chattering influence over the system is not restricted to the attitude error and may also impact on the resulting trajectory of the translation, as shown in Fig. 1(b) . In this sense, the lack of robustness of a discontinuous solution may lead to chattering in orientation and to additional disturbances in the translation of the rigid motion in the presence of arbitrarily small random noises.
Kinematic hybrid control law for robust global pose stability
In this section, we address the control design problem for globally stabilizing a rigid body coupled rotational and translational kinematics with no representation singularities. The proposed solution copes with the topological constraint inherent from the Spin(3) R 3 parametrization while also ensuring robustness against measurement noises.
To avoid the unwinding phenomenon and the lack of robustness from pure with switches along time between the discontinuous control laws in (6) represented by s(t).
(b) Trajectory of the three-dimensional translation elements p = p 1î + p 2 + p 3k .
discontinuous solutions, we appeal to the hybrid system formalism of [34] .
This formalism combines both continuous-time and discrete-time dynamics
and is useful to formally analyze hysteresis-based control laws, such as the proposed solution. A hybrid system is given by the constrained differential inclusionsẋ ∈ F (x) , x ∈ C,
where x + denotes the next state of the hybrid system after a jump. The flow map F and the jump map G are set-valued functions, respectively, modeling the continuous and the discrete time dynamics of the system. The flow set C and the jump set D are the respective sets where the evolution occur.
The following concepts of set-valued analysis will also be used: a set-valued mapping F is outer semicontinuous if its graph is closed and F is locally bounded-that is, if for any compact set K, there exists m > 0 such that
where B is the closed unit ball in the Euclidean space of the convenient dimension [35] . For more details, the reader is referred to [34, 36] .
To solve the problem of robust global asymptotic stabilization of (3),
we propose a generalization to the hysteresis-based hybrid control law of [11] that extends the attitude stabilization to render both coupled kinematics-attitude and translation-stable. The proposed control law is defined
where k 1 , k 2 ∈ R * + are control gains and h ∈ {−1, 1} is a memory state with hysteresis characterized by a parameter δ ∈ (0, 1). The memory state h has its dynamics defined bẏ h 0, when q, h are such that hη ≥ −δ,
where sgn is the set-valued function defined as
In terms of the hybrid formalism (7), the closed loop system made by (3), (8) and (9) is characterized as
where ω is defined as in (8) and h as in (9) .
Consider µ =îµ 1 +µ 2 +kµ 3 and µ =îµ 1 +µ 2 +kµ 3 . The map from
is a vector space isomorphism whose inverse will be denoted by vec.
The Hamilton operator [31, 5] provides a matrix representation for the algebraic multiplication through the map
for any q 1 , q 2 ∈ H ⊗ D. Explicitly, the Hamilton operator is given by
Let x = (x 1 , . . . , x 8 ) ∈ R 8 and y ∈ R. Based on (11) and (12), the maps F and G of (10) induce the function F : R 9 → R 9 and the set-valued mapping
where
Similarly, the sets C and D of (10) induce the subsets C and D of R 9 given by C = (x, y) ∈ R 8 × R : (x, y) ∈ S × {−1, 1} and yx 1 ≥ −δ ,
The following lemma proves that the hybrid system induced by (3), (8) and (9) satisfies some properties which helps to prove the stability of the system and its robustness.
Lemma 2. The maps F and G defined on (13) and the sets C and D defined on (14) satisfy the following properties:
1. C and D are closed sets in R 9 .
2. F : R 9 → R 9 is continuous.
3. G : R 9 ⇒ R 9 is an outer semicontinuous set-valued mapping, locally bounded and G (x, h) is nonempty for each (x, h) ∈ D.
Proof. The proof is based on Lemma 5.1 of [11] . Setting δ ∈ (0, 1), consider the continuous map τ : R 9 → R given by τ (x 1 , . . . , x 8 , y) = yx 1 + δ. The restriction τ | S×{−1,1} : S × {−1, 1} → R of this map to S × {−1, 1} is also continuous [37, Theorem 8] . Moreover, by the definition of the sets C and D, we have that
Since the preimage of a closed set under a continuous mapping is closed, C and D are closed in S×{−1, 1}. We also have that S×{−1, 1} is closed in R 9 .
In fact, consider the continuous functions p, d :
By the definition of p and d,
Since {0} is a closed set of R, the sets p −1 ({0}) and d −1 ({0}) are closed and their intersections are closed. Thus, S is closed in R 8 . Moreover, the set {−1, 1} is closed in R, therefore the Cartesian product S × {−1, 1} is closed in R 9 .
Since S × {−1, 1} is closed in R 9 , C and D are also closed in R 9 . On the account that each component of F is a polynomial, the map F is continuous.
The graph of the set-valued mapping G is given by (x, y, z) : z ∈ G (x, y) =
this set is closed, it follows by definition that
G is outer semicontinuous. Theorem 3. With ω defined as in (8), the equilibrium points of the closed loop system made by (3), (8) and (9) are ±1 and the set {±1} is asymptotically stable. 5 The graph of a set-valued mapping F : X ⇒ Y is defined by Proof. Using the control law (8)- (9) in (3), the closed-loop system iṡ
To find the equilibria of (15), note thatq = 0 implies µ = 0. From the unit sphere constraint (1), it also follows that η = ±1 whereby we can find that µ = 0. In this context, the constraint (5) also renders η = 0. Hence, the set of equilibrium points of (15) is the set {±1}.
To study the stability of the set of equilibrium points {±1}, let us regard the Lyapunov candidate function Taking the time-derivative of V and using (15) yieldṡ
In addition,V = 0 if and only if q ∈ {±1}. Moreover, V also decreases over jumps of the closed loop system since for hη < −δ < 0 one has that Remark 4. At a first glance, one could imagine that due to the transference principle [25] , the extension of rotation stabilizers (e.g., the ones of [39, 11]) to full rigid body stabilizers would be trivial, only requiring the substitution of adequate variables as in (2) and (3). However, for stability analysis based on Lyapunov functions, this supposition doesn't even make sense, since a Lyapunov function is a real-valued function and never a dual-number valued function. As a consequence, stabilization in Spin(3) R 3 using dual quaternions required one independent study from the quaternion stabilization analysis in Spin(3). The necessity of different procedures for quaternion and dual quaternion is also inferred by remembering that due to the fact that SO(3) is compact and SE(3) is not, it was required one controller design procedure for each case in [3] .
Similarly to the rotation controllers proposed in [11] , the proposed pose controller doesn't exhibit Zeno behavior [34] . This is shown in the next lemma.
Lemma 5. For any compact set K ⊂ S × {−1, 1}, if x is a solution of (3), (8) and (9) with initial state in K, then the number of jumps is bounded.
Proof. Similar to Theorem 5.3 of [11] .
The stability robustness will be characterized by the system's resistance against α-perturbations: given α > 0, the α-perturbation of the hybrid sys-tem given by F , G as in (13), and C, D as in (14), is given by
where co X denotes the closure of the convex hull of the set X. These perturbations, as illustrated in [34] , include both measurement and modeling error.
The lack of sensitivity to these perturbations will be expressed in Theorem 6 by bounding the Lyapunov function by a class-KL function. This bound guarantees practical stability for perturbed solutions starting from arbitrarily large subsets of the basin of attraction of {±1} [34] .
Theorem 6. Let V be as in (16) . Then there exists a class-KL function β such that for each compact set K ⊂ S × {−1, 1} and ∆ > 0 there exists α * > 0 such that for each α ∈ (0, α * ], the solutions x α from K of the perturbed
Proof. We have that V is a proper indicator function 6 of the compact set class-KL function β such that for all solutions x of S × {−1, 1},
From this and from Lemma 2, the KL bound on V (x α (t, j)) follows now by [34, Theorem 17] .
Remark 7. Differently from the Lyapunov function proposed in [11] for its hybrid kinematic controller, the proposed Lyapunov function (16) exploits the non-compactness of S to be a proper indicator function, enabling the direct proof of Theorem 6.
Numerical simulations
In this section, the effectiveness of the proposed hybrid technique for robust global stabilization of the rigid body motion is demonstrated in four different numerical simulations. 7 The first simulation considers the robustness of the proposed controller against chattering. The second simulation shows the influence of the design parameter δ in the execution of the controller. The last two simulations consider a more practical situation using a robotic manipulator.
We first illustrate the proposed controller global stability and robustness against measurement noises. To this aim, a simulation is performed using the hybrid feedback controller (8), with hysteresis parameter δ = 0.3, and the pure discontinuous controller (6)-using the same proportional gain 7 The results of the simulations were computed using MATLAB environment and the and a zero mean Gaussian measurement noise over η with a 0.1 standard deviation, which was also chosen arbitrarily. The results illustrating the trajectory of η from both the discontinuous and hybrid controllers-set with the same control gain, k = 2-are shown in Fig. 3 .
To illustrate the influence of the design parameter δ over the switches along time of the closed-loop system (3), a set of simulations is performed using the hybrid controller (8) with different values for δ. For these simulations, we assume the same initial condition, control gain, and measurement noise as defined in the former scenario. As shown in Fig. 4(a) , larger hysteresis parameters yield a smaller number of switches, as one would expect.
As shown in Fig. 4(b) , it is also interesting to highlight that the number of switches tends to decrease along time as η converges to the equilibrium.
Moreover, to elucidate the influence of the hysteresis parameter δ with regard to the unwinding phenomenon, a different scenario is simulated using and described within the unit dual quaternion framework. the continuous feedback controller failed to maintain the same end-effector configuration, exhibiting the unwinding phenomenon which yields needless motions-as observed in Fig. 8 .
9 Such phenomena could be avoided by simply enforcing a discontinuous controller or by using the proposed hysteresis-based hybrid control strategy.
Nonetheless, as observed in Fig. 3 , the discontinuous sign-based approach is particularly sensitive to measurement noises. Hence, the second control task was devised to illustrate the behavior of the robot manipulator in the presence of measurement noises. In this scenario, both controllers were sup- quaternion. In addition, the measurement noise over η was set to N (0, 0.09) and the control gain for both controllers were set to k = 0.020-the hysteresis parameter was set to δ = 0.1. Fig. 9 illustrate the rigid motion of the manipulator's end-effector and the behavior of both controllers. It is easy to see that the problematic noise influence is restricted to the discontinuous controller-resulting in undesired chattering and delaying the closed-loop convergence. As expected, the proposed hybrid solution ensures robust performance, that is, a trajectory without chattering.
Conclusion
In this paper, a kinematic controller for the rigid body stabilization problem was presented. To prove the stability of this controller, a Lyapunov function that exploits the structure of the group of unit dual quaternions was 
